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We prove local-in-time Strichartz estimates with loss of derivatives for Schrodinger equa- 
tions with variable coefficients and potentials, under the conditions that the Hamilton flow, 

■ generated by the kinetic energy, is nontrapping and convex and that the electric (resp. mag- 
netic) potential can blow up superquadratically (resp. superlinearly) at spatial inflnity in 
both of positive and negative directions. This is a generalization and improvement of the 
result by Yajima-Zhang [38] . 

■ 1 Introduction 

. Let P be a Schrodinger operator on M with variable coefficients {x) and electromagnetic 

potentials V{x) and A{x) = {Ai{x), ...,Ad{x)) of the following form: 

P = - A,{x))g^\x){Dk - Ak{x)) + V{x), Dj := -id/dxj, x e M^. 

>: ^ 

QQ . Here and, in the sequel, we use the Einstein summation convention. 

OS _ . 

Assumption A. g^^,Aj,V € C°°(M'*;M), and {g^^{x))j^k is symmetric and uniformly elliptic 

\ in the sense that g-^^{x)^j^k ^ on M?'^ with some positive constant c > 0. Moreover, there 

^ ■ exists m > 2 such that, for any a E Z'^ := N*^ U {0}, 

\d^g^'{x)\ + + < C„(x)-I"l. (1.1) 

^ . Here (x) stands for \/l + \x\'^. Under Assumption |Al the operator P, with the domain 

. 5^" C^(M'^), is symmetric in L^{W^). Let P be any one of its self-adjoint extensions. Then we 

consider the time-dependent Schrodinger equation 

idtu = Pu, te M; u\t=o = ito e L^{W^). (1.2) 

The solution is given by u{t) = e~**^uo by Stone's theorem, where e~**^ denotes a unique 
unitary propagator on L^(M'^) generated by P. 

In this paper we are interested in the (local-in-time) Strichartz estimates of the forms: 

\\e-''''uo\y^L^<CT\\{Hyuo\y, (1.3) 
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where 7 > 0, Lj,L'^ := L^{[—T,T];L'^(R'^)) and (p, (?) satisfies the following admissible condition 

2 <p,q< 00, 2/p = d{l/2 + l/q), / (2, 2, 00). (1.4) 

Strichartz estimates can be regarded as L^-type smoothing properties of Schrodinger equations 
and have been widely used in the study of nonlinear Schrodinger equations (see, e.g., [7|). 
When g^^ = 5jk and ^ = 0, the following has been proved by Yajima-Zhang [38]: 

Theorem 1.1 (Theorem 1.3 of [38j). Let d > 1 and H = —A/2 + V satisfy Assumption\^ and 

V{x) > C7(x)"' for \x\ > R, (1.5) 
with some R,C > 0. Then, for any e,T > and {p,q) with (jl.4p there exists CT,e > such that 

\\e-''''uo\\Lr^^, < Ct,.|K//)M5-^)+%||^,. (1.6) 

In this paper we extend this theorem to the variable coefficient case under some geometric 
conditions on the Hamilton flow generated by the kinetic energy. Furthermore, we remove the 
additional loss {H)^ for the flat case. 

To state our main results, we introduce some notation on the classical system. Let A;(x,^) 
be the classical kinetic energy function: 

k{x,0 = ^g^\x)(j^i, x,CeM^. 
We denote by {yo{t,x,(,),r]Q{t,x,S,)) the Hamilton equation generated by k, i.e., the solution to 

^yo(i) = -Q^{yo{t),vo{t)), -^voit) = --Q^{yo(.t),r]o{t)) 

with the initial condition (yo(0, x, S,),r](){0, x, (^)) = (x, (^). Note that the Hamiltonian vector field 
Hk = d^k ■ dx — dxk ■ is complete on M.'^'^ since {g-'^)j,k is uniformly elliptic. {yo{'t)iVo{t)) thus 
exists for all t G R. To control its asymptotic behavior, we then impose the following conditions: 



Assumption B. (1) (Nontrapping condition) For any (2;,^) € M with ^ ^ 0, 

\yo{t,x,^)\ — > +00 as t — )• ±00. 

(2) (Convexity near infinity) There exists / € C°°{W^) satisfying / > 1 and lim\x\^+oo f i^) 
+00 such that dxf S L°°{W^) for any \a\ > 2 and that, for some constants c, R > 0, 



Hk{Hkf)ix,C)>ck{x,0 

for ah x,^ eR'^ with f{x) > R. 

Remark 1.2. It is easy to see that if the quantity 

sup {x)^''^\d^{g^\x)-6,k)\ 

\a\<2 

is sufficiently small, then {\yo{t)\'^) > and hence Assumption iBl (1) holds. Under the 
same condition, Assumption |B] (2) also holds with f{x) = 1 + Moreover, if g^^{x) = 

(1 + oi sin(a2 log r))(5jfc for ai G M, 02 > with a\{l + a^) < 1 and for r = \x\ ^ 1, then 
Assumption E] (2) holds with /(r) = (/J"(l + ai sin(a2 logt))-^(it)2. For more examples, we refer 
to ^Oj Section 2]. 
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We now state main results. 

Theorem 1.3. Let d > 2 and P satisfy Assumptions\^ and\^ Then, for any T,e > and 
{p,q) satisfying p.4p . there exists Cx^e > such that 

l|e"**''«o|liPL, < CT,e||(I)>^('"™)+%Ili2 +CT,elKx)Mf-i)+-yo[|^, (1.7) 

For the flat case, we can remove the additional e-Ioss. 

Theorem 1.4. Let d > 3 and H = ^{D — A{x))'^ + V{x) satisfy Assumption\^ Then, for any 
T > and {p,q) satisfying ()1.4p . 

l|e"'*^«o|lLPL. < Ct\\{D)-v^^-^)uo\\l2 + CT||(x)Kf -i)^,o||^2. (1.8) 

Corollary 1.5. In Theorem \1.4\ if w^, in addition, assume ()1.5p and q < oo then (jl.Sp holds 
for any dimension. 

Remark 1.6. Suppose that V satisfies (jl.Sp . Then we can assume P > 1 without loss of 
generality and P hence is uniformly elliptic in the sense that 

where p is the full hamiltonian associated to P (modulo lower order term), i.e., 

p{x,0 = l9'Hx)iC, - AjixMk - Akix)) + Vix). 
By the standard parametrix construction for P, we see that, for any 1 < q < oo and s > 

(see, e.g., [381 Lemma 2.4]). The right hand side of (|1.7p (resp. ()1.8p ) is thus dominated by 

||(p^(i/2-i/m)/p+£^^||^^ (resp. \\{H)^^^'^~^^^^^^uo\\^2)- Therefore, our result is a generalization 
and improvement of Theorem 11.11 

Remark 1.7. The additional e-loss in (|1.7p is only due to the use of the following local smoothing 
effect: 

||(x)"^/^~"Si/„e-**-^uo||^2^^2 < Ct,s\\uo\\l2, e>0, 

where Eg is a pseudodifferential operator with the symbol (1 + + |x|"^)*/^. It is well known 
that this estimate does not holds when e = even for P = iA + (x)"" (see [2l]). 

Remark 1.8. It is well known that the condition V > — C(x)^ with some C > is almost 
optimal for the essential self-adjointness of P. However, it was shown in [16] that P can be 
essentially self-adjoint even if V blows up in the negative direction such as 1^ < —C{x)'^ with 
m > 2, if strongly divergent magnetic fields are present near infinity. 

Global-in-time Strichartz estimates, that is ()1.3p with T = oo and 7 = 0, for the free 
propagator e**^/^ were first proved by Strichartz [33j for a restricted pair of {p, q) with p = q = 
2{d + 2)/d, and have been generalized for {p,q) satisfying ()1.4p and p 7^ 2 by [13]. The endpoint 
estimate {p, q) = (2, 2d/ [d — 2)) for d > 3 was obtained by [18]. 

Furthermore, Strichartz estimates for Schrodinger equations have been extensively studied 
by many authors for both cases with potential and metric perturbations, separately. 
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For Schrodinger operators with potentials satisfying Assumption [A] with m < 2, it was shown 
by [T2l|36] that e~^^^ip satisfies (short-time) dispersive estimate: ||e~**^(/?||j;^cx) < C|t|~'^/^||99||j;^i 
for sufficiently small t ^ 0. The estimates p.3p with 7 = are immediate consequences of this 
estimate and the TT*-argument due to [13] (see [18] for the endpoint). For the case with singular 
electric potentials, we refer to |35j . We mention that global-in-time dispersive and Strichartz 
estimates for scattering states have been also studied under suitable decaying conditions on 
potentials and assumptions for zero energy; see [TTJ [STIES] for dispersive estimates and [27, 6, 9j 
for Strichartz estimates, and reference therein. We also mention that there is no result on sharp 
global-in-time dispersive estimates for (generic) magnetic Schrodinger operators, though [llj has 
recently proved dispersive estimates for the Aharonov-Bohm effect in M^. 

On the other hand, it is important to study the influence of underlying classical dynamics on 
the behavior of solutions to linear and nonlinear partial differential equations. From this geo- 
metric viewpoint, local-in-time Strichartz estimates for metric perturbations (or, more generally, 
on manifolds) have recently been investigated by many authors under several conditions on the 
geometry; see, e.g., [311 jH [JH [HI [2l [H [5l [21] and reference therein. We mention that there are 
also several works on global-in-time Strichartz estimates in the case of long-range perturbations 
of the flat Laplacian on M"^ ( [3 [Ml [20] ) . 

The main purpose of this paper is to handle the mixed case, especially the case for metric 
perturbations with unbounded electromagnetic potentials. In the previous works |22^ [23], we 
proved the same local-in-time Strichartz estimates as in the free case under Assumptions 1X1 and 
[Bjwith m < 2 and the following long-range condition 

|a-(5^'=(x)-5,fc)|<C„(x)-^-l°l, M>0. 

This paper is a natural continuation of this work, and the results in the series of works can be 
regarded as a generalization and unification of many of known local-in-time Strichartz estimates 
for Schrodinger equations with both of metric and unbounded potential perturbations, at least 
under the nontrapping condition. 



1.1 Notations 

Throughout the paper we use the following notations: We write L'^ = L'^{W^) if there is no 
confusion. W''^ = W''''{R'^) is the Sobolev space with the norm \\f\\^,s,, = \\{Dyf\\^^. For 
Banach spaces X and 1", [| • denotes the operator norm from X to Y. For constants 

A, B > 0, A < B means that there exists some universal constant C > such that A < CB. 
A^ B means A< B and B < A. 

We always use the letter P (resp. H) to denote variable coefficient (resp. flat) Schrodinger 
operators. For h € (0, 1], we consider := h?P as a semiclassical Schrodinger operator with 
/i-dependent potentials h?V and hAj. We set two corresponding /i-dependent symbols and 
p'l deflned by 



/(x,C) = \9'Hx){i, - hA,{xmk - hAk{x)) + h^V{x), 

(1.9) 



p'i{x,0 = - hA,{x)) - f 5^'^(x)|^(x). 

It is easy to see that P^ = p^{x, hD) + hp\{x, hD) and that Assumption \K\ implies 

i9,"5f/(x,oi < c„;,(x)-i"i(e)-i^i(iep + h^{xri 
\d'^,dipi{x,i)\ < c,Mx)-i-i°i(e)-i^i(iei + 
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1.2 Strategy of the proof 

Before starting the details of the proof, we here explain the basic idea. For simplicity we may 
assume d > 3. The strategy is based on microlocal techniques and basically follows the same 
general lines in [3T1I1] and [21 Sections 5 and 6]. We however note that, since the potential V is 
not bounded below, the Littlewood-Paley theory in terms of the spectral multiplier f{H) does 
not work well. For example, the Littlewood-Paley estimates of the forms 

°° 1/2 

II«IIl,<II«IIl^ + (EII/(2'^'^>I|L) , fec^iR'Mo}), (1.11) 

seem to be false except for the trivial case q = 2. In particular, it is difficult to apply the 
localization technique due to [3] directly. 

To overcome this difficulty, we introduce a partition of unity ■00 + V'l = 1 on the phase space 
r*M'^ ^ X with symbols ipj G S{l,dx'^ /{xf + (i^V(O^) supported in the following "high 
frequency" and "low frequency" regions, respectively: 

suppV'o c {{xr « m, supVi c < {xD. 

Let c > 1 and consider a c-adic partition of unity: 9^,9 ^ C^(M), < ^' ^ 1) supp6' C (1/c, c), 
^o(-2) + Z^j^o ^('^~"'-^) ~ ^- ^^^^ decomposition with z = ,^,c = 2 in the high frequency 

region and with z = x, c = 2^/™ in the low frequency region, respectively. More precisely, setting 
h = 2^ and using support properties 

snvv0mo{^,i/h) C {{x) < h-^l"^, \i\ « 1}, 
supp^(/i2/-x)0i(x,C//i) C {{x) « h-^'"\ ICI < 1}, 

we will prove the following Littlewood-Paley type estimates: 

°° 1/2 

fc=o,i i=o 

where = 6'(C)V'o(a;, uptoO(/i°°) and^^(x,C) = 9{h'^/'^x)'4)i{x,i/h). Using support 

properties of we obtain the following bounds of the commutators: 

[P, ^[J(x, hD)] = 0((x)-^/i-i), [P, *^(x, hD)] = 0(/i-i+2/m)^ ^^_^2) 

These terms can be controlled by the local smoothing effect, and the proof of Theorem II .31 thus 
is reduced to that of the estimates for the localized propagators ^^(x, hD)e~^^^ . 

Then, we show that, for any x'' G 5(1, dxV (a;) supported in {(x) < /i"^/"", [^1 < 

1} (D supp^'^), x^{x-,hD)e~^*^x^{x,hD)* satisfies the following dispersive estimates 

\\xHx,hD)e-''Px\x,hDr\y^^^<\t\-''/^, \t\ <. hR, he (0,1], (1.13) 

where R = inf |7r2^(suppx'')| + 1 for general cases and R = /i^^/m ^j^g ^g^^ 

case. These 

estimates are verified by a slightly refinement of the standard semiclassical parametrix construc- 
tion. Namely, after rescaling t ^ th and putting = h?P, we construct the semiclassical 
WKB parametrix for e~^^^^^^x^{x,hD)* of the following form: 

e-^*^'/V(x,/i^)* = Js'^(a^) +Oi2^i2(/i-), \t\ « R, 
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where Jgh{a^) is a time-dependent semiclassical Fourier integral operator 



Here the phase function S'^{t,x,^) solves the Hamilton- Jacobi equation associated to on a 
neighborhood of supp f o and satisfies 

S''{t,x,0 = X ■ C - tp''{x,^) + 0{R-^\t\'^), \t\ <^R. 

The amplitude approximately solves the transport equation generated by the vector field 
d^p^{x,dxS^) and belongs to S{l,dx'^ /{x)'^ + / H)^) with uniform bounds in h and t. The 
stationary phase method then yields 

\\Js>M'')\\l^^l^ ^ min(/i-^ \th\-''l''), \t\ « R, 

which, together with a suitable error estimate, implies estimates ()1.13|) . 

Once we obtain dispersive estimates ()1.13p . a standard technique due to Staffilani-Tataru 
|31j . the TT*-argument due to Keel-Tao [18j and ()1.12p . we can prove the following Strichartz 
estimates with inhomogeneous error terms 



\\^l{x,hD)e-''Pu^\\^^^^ 

< \\^tix,hD)uo\\L2 + \\{x)-'/^h-'/^^'',ix,hD)e'''''uo\\L2^L2 
uniformly in /i S (0, 1]. Combining with an almost orthogonality of 9{c~^ ■), we have 

II -itP II ^11 II I 11/ \ -l/2-me/2 771 -itP \\ \n 

||e ^^o||^2^-2^ < ||^^o|Il2 + IIW ' "011^2^2, e > 0. 

Under Assumption [Bl we then use the local smoothing effect due to [25] : 

||(x)"-^/^"''£;i/^+se"**^uo||^2^2 < Ct,u\\EsUo\\l2, u > 0, 



(1.14) 



and obtain [|e **^no|| _2d_ < I |-£'i/2-i/»7i+e'"o| I r2 if £ > 0. Finally, Theorem 11.31 is verified 

by interpolation with the trivial L^L^-bound. In the flat case, the last term of (jl.l4p can 
be replaced by /iL>)e"**'^no||^2 ^2 due to the fact that we obtain (|1.13p with 

R = /i-2/™_ Therefore, using the following energy estimate 

||^,e-^*%||^2 <Cl*ll|E,^xoIli2 

instead of the local smoothing effect, one can remove the additional e-loss. 

The paper is organized as follows: We flrst record some known results on the semiclassical 
pseudodifferential calculus and prove the above Littlewood-Paley estimates in Section [2l Section 
[2] also discusses local smoothing effect and energy estimates as above. In Section 3, we construct 
the WKB parametrix and prove dispersive estimates (|1.13p . Proofs of Theorems 11.31 and 11.41 are 
given in Section 4. We finally prove Corollarv 11.51 in Appendix A with a simper proof than that 
of main theorems. 
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2 Preliminaries 



In this section, we record some known results on the semiclassical pseudodifferential calculus and 
the Littlewood-Paley theory. This section also discuss local smoothing effects for the propagator 
g-rtp yj^fig];. Assumption [Bl 

First of all we collect basic properties of the semiclassical pseudodifferential operator (h-^DO 
for short). We omit proofs and refer to [MKT^ for the details. Set a metric on the phase space 
r*M'^ = M?^ defined hy g = + For a (^-continuous weight function m(x,^), we 

use Hormander's symbol class S{m,g), which is the space of smooth functions on M^*^ satisfying 

To a symbol a e C°°(M^'^) and h € (0, 1], we associate the h-^BO a{x, hD) defined by 

a{x,hD)f{x) = {27Th)-'' I e'^^-y>^'^a{x,Of{y)dvdi, f G S(M'^), 

where S(R'^) is the Schwartz class. For a /i-^'DO A, we denote its symbol by Sym(^), i.e., 
A = a{x,hD) if a = Sym(A). It is known as the Calderon-Vaillancourt theorem that for any 
symbol a € C°°(M^'^) satisfying |5"9^a(x, ^)[ < Ca^, a{x, hD) is extended to a bounded operator 
on L^(M'^) with a uniform bound in /i € (0, 1]. Moreover, if \d^d^a{x,^)\ < Ca/3(^) with some 
7 > then a{x, hD) is extended to a bounded operator from L'^ to with bounds 

\\aix,hD)\\^,^^r <Cgrh''^^^^'^~^/''\ l<q<r<oo, (2.1) 

where Cqr > is independent of h £ (0,1]. These bounds follow from the Schur lemma and 
the Riez-Thorin interpolation theorem (see, e.g., [21 Proposition 2.4]). For two symbols a G 
S{mi,g) and b G S{m2,g), the composition a{x,hD)b{x,hD) is also a /i-^DO with the symbol 
ajj6(x,.^) = e^^^'^^''a{x,r])b{z,S^)\z=x,r)=( £ S{mim2, g), which has the expansion 

"tt^- E 4!rT5fa-a:6G5(/i^(x)-^(0-^mim2,5). (2.2) 

\a\<N 

In particular, we have Sym.{[a{x,hD),b{x,hD)]) — j{a,6} G S{h'^{x)^'^{^)^'^,g), where {a,b} = 
d^a ■ dxb — dxtt ■ d(b is the Poisson bracket. The symbol of the adjoint a{x,hD)* is given by 
a*{x,^) = e^^^'^^^a{z,r])\z=x,r]=^ £ S{mi,g) which has the expansion 

E T^5f9°aG5(/i^(x)-^(0-^mi,5). (2.3) 

\a\<N 

We also often use the following which is a direct consequence of ()2.2p : 

Lemma 2.1. Let a G S{mi,g) and b G S{m2,g). Ifb = l on suppa, then for any N >0, 

a{x, hD) = aix, hD)b{x, hD) + h'^r^ix, hD) = b{x, hD)a{x, hD) + h^^^ix, hD) 
with some rN,rN S S{{x)^^ {5)^^ mim2, g) ■ 

2.1 Littlewood-Paley estimates 

We here prove the following Littlewood-Paley type estimates, which will be used to reduce the 
proof of the estimates ()1.7p to that of semiclassical Strichartz estimates. Here, and in what 
follows, the summation over h, means that, in the sum, h takes all negative powers of 2 as 

h 

values, i.e.,Y^:= ^ 

h h=2-i,j>0 
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Proposition 2.2 (Littlewood-Paley estimates). For h G (0,1], there exist two symbols ^'g and 
^\ such that the following statements are satisfied : 

(1) {Symbol estimates) {^^}?jg(o,i] O'f^ bounded in 5(1, /i^/'^dx^ + d^^/(^)^), i.e., 
uniformly in h £ (0, 1]. 

(2 {Support property) ^'^ satisfy the following support properties (uniformly in h): 

suppM/^ C {(x,0; h'ixr < 1, leP « 1}, (2.4) 
supp^? C {{x,0; h\xr « 1, leP < 1}. (2.5) 

(3) {Littlewood-Paley estimates) For any q G [2,oo), 

[Y.\\^'^,{x,hD)v\\l,y^\ (2.6) 

fc=0,l h 

where the implicit constant is independent of v. 

Remark 2.3. As we mentioned in the strategy of the proof, it seems to be difficult to obtain 
the Littlewood-Paley estimates (|1.11|) if g 7^ 2. We, however, note that if V satisfies p.5|) . then 
one can prove (jl.lip for q € [2, 00) (see Appendix). 

In order to prove Proposition 12. 2t we first construct the symbols 4*^. Let ip G C^(M) be 
such that supp(/9 C [—1, 1], ip = 1 on [—1/2, 1/2] and < 99 < 1. Define smooth cut-off functions 
into high and low frequency regions by 



respectively, where e > is a sufficiently small constant such that p{x,^) « if (x)™" < e|^p. 
It is easy to see that supp^-o C {(x,^);(x)"' < e^jCl^}, suppV'i(e) C {(x,^);(x)™ > e^\C\'^/2} 
and that V'OjV'i ^ S{l,g) for each e > 0. 

Lemma 2.4. For any 9 G C^(R'^) supported away from the origin and any N > d, there exists 
a bounded family {*o}/ie(o,i] C 5(1, /i^/'^dx^ + d^^/(C)^) satisfying I^J^ such that 

\\9{hD)Mx,D) - ^^{x,hD)\\^,^^, <C,Nh''~''^'/^-'/'^\ 'Ze [2,00), 

where CqM > may be taken uniformly in h £ (0, 1] . Moreover, if we set 

^\{x,i) ■.= 9{h^l^x)Mx,i/h), 

then {^i}/ie(o,i] is bounded in 5(1, /i^/^dx^ + fi^^/(^)^) and satisfies the support property (|2.5|) . 

Proof. Choose 9 G C^iW^) so that 9 is supported away from the origin and that = 1 on 
supp0. Then we learn by the expansion formula ()2.2p (with h = 1) that 

9{hD)iPo{x,D) = 9{hD)9{hD)i)Q{x,D) = 9{hD)4^^{x, D) + 9{hD)?%{x, D), 

where ^/^g ^ S{l,g) is given by 



i^oix,0= E '-^d;^dy{hr^)M^,0 , (2.7) 
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and € S{{x) ^(^) ^ ,g) with uniform bounds in h. Since |^| /i ^ on supp 6'(/i^), ()2.ip with 
h = 1 and Bernstein's inequality imply 

We next consider the first term. Since 

suppV?o^(-,-M) c{(x,0 esuppVo(-,-M); Cesuppnc{(x,0; /^'(xr < i, |C| « i}, 

we have 

Therefore {V'o ('' ■/^)}/ig{o,i] is bounded in S{l,g), while 'ipo{x,^/h) may have singularities at 
^ = as /i ^ 0. In particular, 'iPq{x, D) can be regarded as a /i-^'DO with the symbol V'o ('' V^)- 
(|2.2p again implies that there exist bounded families {^o}/ie(o,i] C ^(l,^) and {?"Jj/}fee{o,i] 
S{{x)~' ,5) such that 

9{hD)i,^{x,D) = ^^{x,hD) + h''r'},{x,hD), \\r'},{x,hD)\\^,^^, < Cg^/i-'^(i/2-i/<?) . 
Moreover, ^'q is given explicitly by 

*o'(x,e)= E ^^^^^."^"^(^)^o(^,e//^) , ■ (2.8) 

By virtue of ()2.7p and ()2.8p . we see that 

supp^lj C supp^ n supp^/>o(-, -/h) C {/i2(x)'" < leP, 1^1 « 1} 
and that, for j = 1, 2, d, 

supp9,,*S C supp0nsuppVo(-,V/i) c {h^ixr ~ leP, 1^1 « 1} 
Therefore, ^'g satisfies ()2.4p and 

< < e (o,i]. 

Finally, since d^d^ipi are supported in suppV'o for any |a + /3| > 1, we learn [^| « h'^{x)"^ 1 on 
supp0(/i^/™x) n sup])d^d^il)i{x,^/h) as long as |a + /3| > 1. Hence {^i}/ie(o,i] is also bounded 
in 5(1, /i^/'^dx^ + satisfies the support property ()2.5p . □ 

We next recall the square function estimates for the standard Littlewood-Paley projections. 
Lemma 2.5 (Square function estimates). Let c > 1 and consider a c-adic partition of unity: 

60,6 £ c^iR"^), suppe c {1/c < |x| < c}, < 60,6 < 1, eo{x) + '^e{c-^x) = i. 

Then, for any 1 < q < 00, 



1/2 



\9o{D)v\^ + Y.\^(''''^>n (l^o(x)i;|2 + J^l^(c-^x) 

Moreover, if 2 < q < 00 then 



,2 



Li 

l>0 l>0 



1/2 



L9 



\L.<M\L'^ + (T.\\(^{c-^^)v\\iy\ (2.9) 



HIl. < ll^o(:r)^;|I^, + (^mc-'x)v\\^A . (2.10) 
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Proof. We let q S (l,oo) and set Siv = {\eoix)v\^ + ^;>o |0(c~'x)?jp)i/2. Since 9^ < 9, 
{Y^\9ic-^x)\^f' < {Y.9{c-^x)y^" = {I -9,)^!^ < 1, 

l>0 l>0 

from which we have HSiwH^, < 2||f Since 9{c~^x)6{c'^x) = for |/ — A;| > 2, we learn by 
Holder's inequality that 

I j viu],dx\<\\SiVi\\-[^^\\SiV2\\i^q', l/q + l/q' = 1, 

which, together with the upper bound, implies < HS'it'll^, . Therefore, ~ HS'iujl^,. 

On the other hand, the first estimate can be proved by a similar argument, combined with 
the L'?-boundedness of the Fourier multiplier Ttv = '^i>Qri{t)9{c^'- D)v (see, e.g., [30] for the 
details), where ri(t) are Rademacher functions. (j2.9|) and (|2.10|) then follows from Minkowski's 
inequality and Bernstein's inequality since q >2. □ 

We now turn into the proof of Proposition 12.21 

Proof of Proposition [27B . Set h = 2^'. We plug 'ipo{x,D)v into (|2.9p with c = 2. By virtue of 
Lemma 12.41 the contribution of the error term 6{hD)r^{x,D) + r^{x,hD) is dominated by 
||w||^2 provided that N > d{l/2 — 1/ q). We hence have 

h 

The estimate for ipi (x, D)v is verified similarly by using Lemma[23]and(l2lODwithc = 22/™. □ 



2.2 Local smoothing effects 

We here recall the local smoothing effects proved by Robbiano-Zuily [25J. For s € M we set 

e,(x,0 := {kA{x,i) + {xr + L{s)r/\ 

where kA{x,i) = \g^^{x){^j — Aj{x)){^k — Ak{x)) and L(s) is a constant depending on s. Then, 
es G S{es,dx'^ /{xf + d^'^/ef), that is 

\d^d^^es(,x,0\ < C^/s e,_|;3|(a;,e)(x)-l"l. (2.11) 

Let Es = es{x,D) and := {/; (x)" f G L^, {Dff € L^}. Then, for any s G M, there exists 
L(s) > such that Es is a homeomorphism from 'B^'^^ to 'B'" for all r S R, and E~^ is also a 
^'DO with the symbol e_s in S{e-s, dx"^ / {xf + d^^/ef) (see, [lOl Lemma 4.1]). 
We first prepare the following two lemmas: 

Lemma 2.6. For any s G M, EsPEj^ = P + Bs with \\Bs - -8*11^2^^2 < 1. 

Proof. We write P = Pfuii(x, D) = kA^x, D) + pi(x, D) + V{x), where 

A direct computation yields 

5 S 

{es,kA + V} = --es-2{{x)"\ /ca} + -^es-2{kA, V} = 6^-2(00 + oi) 
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where ao S {{x)™' ^(^), 5), and ai(x) is independent of ^ and satisfies 9°ai = 0((x)^™^^ ^ '"'). 
We similarly obtain {es,Pi} € S{es{x)~^,g) by (f2lT]) . Next, since ([ITID and (fZTT]) yield 

a^^e, G S{es-2,9), 5^e, € 5(e„5), ^I^PfuU € 5(1, 5), &ull G ^(62,5), |a| > 2, 

the expansion formula ()2.2p shows that the symbol of [Es, P] — {es,pfun}{x, D) belongs to S{es, g). 
We also learn by (f2TT]l that 

a5°(e,_2ao)5,"e_, = O(e_3(x)"-i(0 + e_2(x)™-i) = ©((x)"^), 
(e,_2ai)a:e_, = 0(e_3(x)=^™/'-') = 0{{x)-'), 

for all |a| > 1. Therefore, the symbol of Bg = [Es,P]E^^ is of the form es-2e_s(ao + ai) + 02 
with a2 € S{l,g). By a similar argument, we further have 

d^d^{es-2e-sao) = 0((x)-i), d^d^{es-2e-sai) = 0{{x)-^), \a\ > 1, 

which, together with the expansion formula ()2.3p . imply that the symbol of Bs — B* belongs to 
5(1,(7). Then, the assertion is a consequence of the Calderon-Vaillancourt theorem. □ 

Lemma 2.7. For any s € M there exists Cg > such that 

\\Ese-'^^uo\\^2 < Cse'^'^^^\\EsUo\\L2, t e M. 
Proof. We may assume t > without loss of generality. Set v{t) = Ese~'^^^uo and compute 

JtMMh = {-iiP + Bs)vit),vit)) + {vit), -i{P + BMt)) = - B:)v{t)Mt))- 

By virtue of the previous lemma, we have ^111^(^)11^2 ^ lb(*)llL2- The assertion then follows 
from Gronwall's inequality. □ 



We now state the local smoothing effects for the propagator e 



-itP 



Proposition 2.8 (The local smoothing effects [25]). Suppose Assumptionsl^ and\^ Then, for 
any T > 0, v > and s G M, there exists Ct,u,s > such that 

||(x)-i/2-'^i?,+i/„e-^*%||^2^, < Ct,u,s\\EsUo\\l2. (2.12) 



Proof. Robbiano-Zuliy [25j proved the case when s = only. However, by virtue of Lemmas 12.6 
and 12.71 general cases can be verified by an essentially same argument. We refer to |10| Section 
8] in which one can find the details of the proof for the case with m = 2 and s G K. □ 

Remark 2.9. Assumption [B] is only needed for Proposition 



3 Parametrix construction 

Write r''(L) := {(x,^); + /i2(x)™ < L}, where L > 1 is a large such that supp^-^ C T'^{L), 
k = 0,1. This section is devoted to construct the parametrices of propagators, localized in this 
energy shell, in terms of the semiclassical Fourier integral operator (/i-FIO for short). 
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3.1 Classical mechanics 

We here study behaviors of the Hamilton flow generated by p^. Consider the fohowing Hamilton 
system: 

( Bn^ 

= -j^{X,E) = g^Hxm - hAkiX)), 

< E, = -^^{X,E) = -\^{X){E,-hA,{X)m-hMX)) (3.1) 

+ hg^\X)^{X){~i - hMX)) - h-'^iX), 

with the initial condition (X(0, x, ^), H(0, x, ,^)) = (x,^) G T^{L), where / = dtf. For simplicity, 
we here suppress the /i-dependence of the flow. 

We first show that the fiow is well-defined for |t| < (J/i^^/™" and (x, ^) € "^^{L) with sufficiently 
small (5 > 0, which is not obvious since the potential V can blow up in the negative direction 
like V{x) < —C{x)"^. More precisely, we have the following rough a priori bound: 

Lemma 3.1. For sufficiently small Sq > there exists C = C{m, L, 5o) > such that 

\E{t,x,C)\^ + h'{X{t,x,Or<C 
uniformly in h £ (0, 1] and (t,x,C) G [-(Jq/i-^/™, (Jo/i"^/""] x T''{L). 

Proof. Let p G Cq°(M'^) be such that p{x) = 1 for \x\ < 1 and p{x) = for \x\ > 2 and set 

Aj{x), 

(3.2) 

p\x,C) = ^g^HCj - hA.ixMk - hAkix)) + h^Vix). 

Note that /i^|V^(x)| + h'^\Aj{x)\'^ < L on M'^ by Assumption |Al Consider the corresponding 
Hamilton flow (X(t, x, ^), S(t, x, ^)), that is the solution to 

X = d^ff\X,E), E = -d.,ff\X,E); {X,E)\t=o = {x,0- 

Since the flow conserves the energy, i.e., p^{X{t),E{t)) = p^{x,^), we learn by the ellipticity of 
g^^ that if (x,0 G r'*(L), then 

<\E- /iI(X)|2 + L< p\x, + h^\V{X)\ + L<L, 

and hence \X\ < \E - hA{X)\ < CiL^s with some universal constant Ci > 0. Therefore, for 
any flxed m,L>0, taking < 5o < C{^L~^/'^{2L - Li/™) we have 

< /i2/"^(|a;| + CiL^/^i^l) < L^/™ + CiL^/^j^ ^ 2L 
on [-(5o/i"^/™,(5o/i"^/'"] X T''{L). By virtue of this bound and the fact that 

/(x,0 = P^{x,0 if /i^/^NI < 2L, 

the uniqueness theorem of first order ODE shows {X,E) = {X,E) on [— Jq^^^^™") i^o^^^^™] ^ 
r'^(L). In particular, {X,E) is well defined on [-^q/i^^/™^ 5g/j-2/»nj ^ y^{L) and the above 
computations yield the desired bound. □ 



V{x) = p 



2L 



V{x), Aj{x) = p 



2L 
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We next study more precise behavior of the flow. Set 

n''{R,L) := {\x\ >R} n T^{L), n^{r,L) := {\x\ < r} n T^{L). 
Note that VL^{R,L) d VL^{R',L') and ^^{r,L) d J][j(r',L') ■\iR> R',r < r' and L < V . 

Lemma 3.2 (General case). For sufficiently small Q < 6 < 5q, the fallowings are satisfied: 

(1) For any /i G (0,1], 1 < i? < /i'^/"^, {t,x,C) G [-6R,dR] x 9.^{R,L), 

|X(t) -x| + (x)|H(t) -el < (3.3) 
\d'^dl{X{t)-x)\ + {x)\d'idl{~{t)-i)\<C^p{x)-^\tl |a + /?| >1, (3.4) 

where constants C, Ca/3 > may be taken uniformly in h, R and t. Moreover, for fixed h G (0, 1], 
1 < R < and \t\ < 6R, the map A{t) : (x,^) i-> {X{t,x, is diffeomorphic from 

^1^{R/2,2L) onto its range and satisfies 

9!'{R, L) C A(t, n''{R/2, 2L)) C ^^{R/2,, 3L), h G (0, 1], \t\ < 6R. (3.5) 

(2) If {Y{t,x,(^),S^) denotes the inverse map of A{t), then bounds ()3.3p and p.4p still hold with 
X{t) replaced by Y{t) for {t,x,0 G [-6R,5R] x Q''{R,L). 

(3) The same conclusions also hold with R = 1 and with Q^{R,L) replaced by QQ{r,L), i.e., 
X{t) and Y{t) satisfy ([33]) and ([331) uniformly in h e (0, 1] and {t,x,i) G [-5,5] x 9!^{r,L). 

Proof. We prove the assertions (1) and (2) only since the proof of (3) being similar. Suppose 
that |t| < 5R and (x,^) G QJ^{R,L). By the Hamilton system and Lemma |3.H 

|X| < 1, |H| < + h{Xr/^-^ + h^iXr-' < {X)-\ (3.6) 

By the first estimate, we see that if > is small enough then 

\X{t,x,0\^\x\ for {t,x,0 {-5R,5R) xn^{R,L), 



which, together with ()3.6p . implies (|3.3p . 

We next let |a + /3| = 1 and differentiate the Hamilton system 



d^d^x \( d,d^p\x,E) {x)-'dy{x,E)\ ( d^d^x \ ^ 1 / d'^dp 

{x)d-dlE) \-{x)dlp\X,~) -d^d^p\X,~) ) \{x)d-dlE) ^^"^^ \{x)d-d^ 



where we have used the fact that 

\{dlp^){X,E)\<{x)-\ |(a|/)(X,H)| <1, \{d,d^p^){X,E)\<{xr' 

on {-5R,5R) x Q^{R,L). The estimate (j3.4p with [a + /3[ = 1 then follows from Gronwah's 
inequality. Proofs for higher derivatives follow from an induction on |a + /3j. The inclusion 
relation ()3.5p and the existence of the inverse of A^{t) are verified by a standard argument based 
on the Hadamard global inverse mapping theorem (see, e.g., |22^ Lemmas A. 2 and A. 4]). The 
estimates for Y{t) are verified by differentiating the equality x = X{t,Y{t,x,(,) and using the 
estimates for X(t). □ 

When the fiat case, we have the following stronger bounds than in the previous lemma: 
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Lemma 3.3 (Flat case). Assume that g^^ = 6jk- Then, for sufficiently small < S < 6q, the 
foUowings hold uniformly with respect to h G (0, 1] ; 

(1) For any {t,x,C) G [-6h-^/"',6h-^/"'] x r^{L), we have 

\X{t) -x\ + - ei < C\t\ (3.7) 

(X(t) -x)\< C^ph^/^\tl |a + /3| > 1, (3.8) 

|9xH(t)| < Co.h^'^{x)-^\tl \d^{m - 01 < C^h''/^\t\, (3.9) 

\d^dl{~{t)-0\<C^ph""'{x)-^t\, |a + /3| >2. (3.10) 

(2) The inverse map of A{t), denoted by {Y{t,x,^),(,), is well-defined for (— (5/1"^/"*) x 
r'^(L) and the bounds (|3.7|) and (|3.8|) sii// /loW mt/i -^(i) replaced by Y{t). 

Proof Suppose that (t,x,0 G [-d/i^^/m^ ^^^2/™] ^ p/i^^^^ ^ ^^^^ ^ hA{X{t)). X{t), 

E{t) and ??(*) then solve 

X = E- hA{X) = r]- 2hA{X), E = -hd^A{X){E - hA{X)) - h'^d^V{X), 
i] = E + hd^A{X)X = -h^d.j,V{X). ^'^'^^^ 

The a priori bound in Lemma |3 . 1 1 shows 

\x\<i + h{xr'^ <i, \E\<h{xr'^'^ +h''{xr-^ <h^'^, (3.12) 

which imply ()3.7p . Next, we let |a + /3| = 1 and learn by ()3.1ip and ()3.7p that 

d<^dlx \ _f -hd.^A{X) h^/'^\ ( d^d^X \ _ . 2/m^ ( d'^d^X \ 

77 ) ~ \-h''-^i'^dlv{x) ) r/ J - ^ \ h-^i^d^dlr] ) ■ 

Therefore, since \d^d^x\ + h^-^/'^\d^d^d^A{x)\ = 0(1) on r''(L), we have 

Id^d^ixit) -x)\ + h'^/'^\d^d^{7]{t) - hd^A{x))\ 

< /i^/™ j\\d^d^{X{s) -x)\ + /i-2/'"|a^5^r?(s)| + l)ds 

and Gronwall's inequality thus implies 

(X(t) -x)\ + (r?(t) - hd^AixM < h^l^\t\. 

On the other hand, since d^i] = -h^d^V{X)d^X = 0{h'^l"') if \t\ < /i^^/m^ ^e have 

\d^dlm-0\<h"'^\t\. 

Combining these with the fact that hd'^A{x) = 0{h'^^^ (x)^^) on r'^(L), we obtain 

d^E = d,{rj - hA{x)) - hd^A{X){d,X -x) + hd^A{x) - hd,A{X) = 0(/i2/-(x)-^|t|), 
d^{E -0 = d^{7^ -0- hd,A{X)d^X = 0(/i4/-|t|). 

The estimates of higher order derivatives are verified by induction and we omit details. □ 
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3.2 Semiclassical paramatrix 

We now turn into the construction of parametrices. We begin with the general case. 

Theorem 3.4. Let L > 1. Then, there exists 5 > such that the following statements are 
satisfied uniformly with respect to h (0, 1] and 1 < R < /i^^/™; 

(1) There exists G C°°{{—6R,6R) x R^°'), which solves the Hamilton- J acobi equation: 

r dtS'\t, X, + p'^ix, d^S'^it, X, e)) = 0, {t, X, G i-SR, 5R) X n''{R/3, 3L), 
[S\0,x,O=x-^, {x,0^n\R/3,3L), 

such that 

la^Sf (^S\t,x,C)-x-C + ti^{x,0) I < C,/3(x)-i-'"^'^(l"''i)|t|2, (3.14) 

uniformly in G {—6R,dR) x M?"^, where is given by (j3.2p with L replaced 3L. 

(2) For any ^ S{l,g) supported in il^{R,L) and integer N > 0, there exists a bounded family 
{a'^it); \t\ <5R, he (0,1]} C S{l,g) with suppa''(t) C Q^{R/2,2L) such that 

e-''P'^I^X^{x,hD) = Jsu{a^) + Q^{t,N), 

where = h^P and Jgh{a^) is the h-FIO with the phase and the amplitude defined by 

Jsn{a^)f{x) = {27Th)-''J e<^'(*'^'«)-^-«)/^'^(t,x,0/(y)«, 

and the remainder Q^{t,N) satisfies 

sup \\Q''{t,N)\\L,^L, < CNh^'-^-^l^. (3.15) 

|t|<<5_R 

Moreover, if we denote the kernel of Jgh{a^) by K^{t,x,^) then 

\K''{t,x,y)\<m:m{h~'^, \th\~'^'^}, x, ^ G K'^, /i E (0, 1], [t| < (3.16) 

Proof. Construction of the phase S^: Let X{t),r.{t) and Y{t) be as in Lemma [3.21 with 
{R,L) replaced by (i?/4,4L). Define an action integral on {-6R,5R) x n''{R/'i,4L) by 

S''{t,x,0 :=x-e+ f L''{X{s,Y{t,x,0,0,^{s,Y{t,x,0,Ods, 
Jo 

where = ^ ■ d^p^ — p^ is the Lagrangian associated to p^. A direct computation yields that 
solves (fXT3D and satisfies {d^S^,d^S^) = {Y{t,x,0,'^{t,Y{t,x,0,0)- Furthermore, the 
following conservation law holds: 

p\x, dj\t, x,0)= P\x, E{t, Y{t, x,0,0)= p\Y{t, x, 0,0- 

Here, by virtue of Lemma [3.2l (2). taking 5 > smaller if necessary we learn that h'^{Y{t))"^ < 5L 
on {—6R, dR) X Q,^(R/4, 4L) and hence p^ can be replaced by p^ since p^ = p^ on r''(6L). By 
Lemma 13.21 (2) and the fact that 



\d.p^{x,0\ < i^r' on n^{R/4,AL), (3.17) 

we have 



\p^{x,d,S\t,x,0) -p^{x,0\ < \Y{t) - x\ l' j(a,p")(Ax + (1 - X)Y{t),0\dX 

<{x)-'\t\ 



(3.18) 
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for |t| < 6R and {x,£^) € ri^(i?/4, 4L), uniformly in h. We similarly obtain from Lemma 13.31 (2) 
and an induction on ja + /3| that 

\d^dl{p>'{x,dj\t,x,0) -p'{x,m < C«,3(x)-^-™'^^l"l'^>|t|, \a + (3\> 1. (3.19) 

Integrating with respect to t and using Hamilton- Jacobi equation (|3.13p . we learn that 
satisfies (IXTO on 0''(i?/4, 4L). Choosing ip G ^(l,^) so that suppV' C n^{R/A,4:L) and = 1 
on U^{R/3, 3L), we extend to the whole space M?'^ as follows: 

S\t, X, e) = X • C - tpf^ix, + i^ix, (S'^it, x,0-x-( + tp\x, 

S^{t,x,^) clearly obeys the assertions in (1). 

Construction of the amplitude a^: Let us make the following ansatz: 

where a'^ = SjL^^ h^Uj. In order to approximately solve the Schrodinger equation 

{hDt + P'')v{t) = Oih""); v\t=o = x\x, hD)uo, 
the amplitude should satisfy the following transport equations: 
J dta^ + X'^ • d^ao + = 0; a^\t=o = x^ 

,/i I Q „ I \ih„h I ;T^„h n. „h\ 



(3.20) 



[ dta''^ + ■ d^aj + Ta] + iKa^_^ = 0; a]\t=o = 0, 1 < j < iV - 1, 

where K = —^djg^^{x)dk, a vector field X and a function ^ are defined by 

Xit,x,0 := id^p''){x,d,S\t,x,0), := Hx,d,)S^ + p^,ix,d,S^)]it,x,(). 

Note that (f3ia and (fTTO]) imply 

\d^d^]j{t,x,C)\ <Cai3{x)~^ on {-6R,6R) x n{R/3,3L). (3.21) 

The system (|3.20p can be solved by the standard method of characteristics along the fiow gen- 
erated by X(t, x,^). More precisely, let us consider the following ODE 

dtz{t,s,x,^) = X{t,z{t,s,x,C),^); z{s,s) = x. 

Then, by virtue of ()3.18p and ()3.19p . the same argument as that in Subsection 13.11 vields that 
there exists 6 > such that, for any fixed h G {0,1], 1 < R < /i"^/™, z{t,s,x,£,) is well-defined 
for t,s £ {—6R,6R) and {x,^) E Cl{R/3,3L), and satisfies 

\z{t,s)-x\<C\t-s\, \d;^d^{z{t,s)-x)\<Cai3{x)~^\t-s\, \a + /3\>l. (3.22) 

For (t, x,^) € {—6R, 5R) x fl{R/3, 3L), we then define aj, j = 0, 1, — 1, inductively by 



ao{t, X, C) = /(^(O, t, X, exp (^J^ 



]^{s,z{s,t,x,C),S,)ds 



aj{t,x,^) = - J {iKaj^i){s,z{s,t,x,S,),S,)exp y{u,z{u,t,x,^),^)duj ds. 

It is easy to see from ([3:22]) and suppx'* C n^'{R, L) that suppa^ C 9P-{R/2, 2L) for all \t\ < 5R. 
Furthermore, taking 6 > smaller if necessary we see that aj are smooth on il(5i?/12, 12L/5). 
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Since n^{R/2, 2L) d fi(5i?/12, 12L/5) (s Vl{R/2>, 3L), if we extend aj to the whole space E^'i go 
that aj = outside n'^{R/2,2L), then are stih smooth. We further learn by (^22), 
and the fact x ^ S{l,g) that G ^(l,^) uniformly with respect to \t\ < 5R and h € (0,1]. 
Finally, one can check by a direct computation that aj solve the system (j3.20p . 
Justification of the parametrix: At first note that, since \d^i^dxP^{x,S,)\ < on r'^(3L), 

if > is small enough then (|3.14p implies 

\d^^dxS^{t,x,C) -ld \ < 1/2 for {t,x,C) € i-5R,6R) x Jl^(fl/3,3L). 

The standard h-FlO theory then shows that, for any amplitude S S{l,g) supported in 
n^{R/2,2L) ((s n^{R/3,3L)), the associated /i-FIO Jsh{b^) is uniformly bounded on with 
respect to h: 

sup <i, /ie(o,i], i<i?</i-2/-. 

\t\<5R 

We now prove the remainder estimate ()3.15p . We may assume t > without loss of generality, 
and the proof for the opposite case being analogous. By the Duhamel formula, we have 

e-**^'/V(2;,/iI?) = JsH{a'') + Q^{t,N), 

Q\t,N) = l\-^it-^)P''/'^{hDt + P'')Js>.{a%=sds. 

By (|3.13p . (|3.20p and direct computations, we obtain {hDt + P^)Jgh{a^) = —ih^Jgh{Ka'j^_^). 
bmce supp Ka}l^_^ C n{R/2,2L) and Ka%_^ € S{l,g), Jsh{P^a%^^) is bounded on L uni- 
formly in /i G (0, 1], 1 < < /i"2/m and < t < 5R, and (fXT5D follows. 
Dispersive estimates: The kernel of Jgh{a^) is given by 

K^{t,x,y) = {2Tih)-^ [ e^(^'(*'^'«)-^-«)/'^a^(i,x,Ocie 



If \t\ < h, then the assertion is obvious since a'^ is compactly supported in ^. On the other hand, 
by virtue of (|3.14p . we have 

^ y =-{g'Hx)hk + 0{6), h<\t\<6R, 

and \t^^d^d^ S^{t, X, < Cq,^ if /i < |t| < 6R and |a-|-/3| > 2. As a consequence, since g^^{x) is 
uniformly elliptic, the phase function t~^{S^{t, x,^) — y ■ S,) has a unique non-degenerate critical 
point for all h < \t\ < 6R and we can apply the stationary phase method to K^{t, x, y), provided 
that (5 > is small enough. Therefore, 

\K''{t,x,y)\<h-'^\th-'^\-'^/'^<\th\-'^/'^, h<\t\<5R, x,eGM^ h £ [0,1], 

from which we complete the proof. □ 

We next state the flat case. 

Theorem 3.5 (Flat case). Suppose that g^^ = 6jk and L > 1. Then, there exists 6 > such 
that the following statements are satisfied: 

(1) There exists S'^ € C°°{{—6h~'^^"^,6h~'^/"^)xM?^), which solves the Hamilton- J acobi equation: 

r dtS\t, X, + /(x, a,5^(t, X, 0) = 0, (t, X, G i-6h-^/"',6h-^/^) X r'^(3L), 

1 5^(o,x,e) = x-e, (x,e) Gr'^(3L), 
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such that 

uniformly in {t,x,0 S {-6h~'^/"' ,6h^'^/"') x M^d and h € (0,1]. 

(2) For any ^ S{l,g) supported in T^{L) and integer N > 0, there exists a bounded family 
{a^it);te 5/1-2/"^), /i G (0,1]} C S{l,g) with suppa'^(t) C r^{2L) such that 

e-**^'/V(2;,/iI)) = Jsh{a'') + Q''{t,N), 

where Jgh{a^) is the h-FIO with the phase and the amplitude and the remainder Q^{t,N) 
satisfies 

sup ||Q'^(t,iV)||^2^^2 < he {0,1]. 

[t|<(5h-2/™ 

Finally, the kernel of Jgh{a^) satisfies dispersive estimates ()3.16p for \t\ < 5h~'^/^ . 

The proof is almost analogous and the only difference is to use Lemma 13.31 and the fact that 
dxp'^ = 0{h'^/^) on r'*(4L) instead of Lemma 13.21 and ()3.17p . respectively. We hence omit the 
details. 

4 Proof of main theorems 

In this section we prove Theorems 11.31 and 11.41 The general strategy is basically same as that 
of [22l Section 7]. Recall that the energy shell T^{L) is defined by 

T^{L) = {{x, € M^rf; |eP + h^^x^ < L}. 

We begin with the following theorem which is a consequence of Theorem 13.51 

Theorem 4.1. Fix L > 0. Then, for sufficiently small 6 > depending only on L, the following 
statements are satisfied: 

(1) For any /i G (0, 1], 1 < i? < /i^^/"" and symbol Xr G S{l,g) supported in {\x\ > R}nT'^{L), 

\\xUx,hD)e-''''xRix,hDr\\^,^^^ < Cs\t\-''/\ < \t\ < 5hR, (4.1) 

where Cs > may be taken uniformly with respect to h and R. 

(2) For h E (0, 1] and any symbol x^ S S{l,g) supported in T^{L), 

\\x^{x,hD)e-''^X^{x,hDy\\^-,^^^ < Cs\t\-'^^^ < \t\ < 5h. (4.2) 

Proof. The expansion formula (|2.3p and Lemma l2.1b hows that there exists XqrtXi ^ S{l,g) 
with Xo,R C suppx^ such that XR{x,hD)* = Xo^R{x,hD)xi{x,hD) + Oip^Liih^) for any 
1 < P < ^7 < oo and any > 0. We hence can replace x^{x,hD)* by Xo R{x,hD)xi{x,hD) 
without loss of generality. Then, the assertion follows from ()3.15p . ()3.16p and ()2.ip . □ 

Using Theorem 14. H Keel-Tao's abstract theorem and the Duhamel formula, one can obtain 
the following semiclassical Strichartz estimates with an inhomogeneous term. The proof is same 
as that of [221 Proposition 7.4] (see also [21 Section 5]), and we omit it. 
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Proposition 4.2. LetT > and {p,q) satisfy ()1.4p . Under conditions in Theorem \4-l[ we have 

\\XR{x,hD)e-'^^uo\\LP^L, < h\\uo\\L2 + \\xR{^,hD)uo\\^2 

+ {hRr'/^\\x'h.{^,hD)e-^'Puo\y^L^ (4.3) 

\\x^{x,hD)e-''^uo\\Lr^L^ < h\\uo\\^2 + \\x''{x,hD)uo\\^2 

+ /i-i/2||/(x,/iZ))e-*^no||^2^. (4.4) 
+ h'/'^\\[H,x^{x,hD)]e-''''uo\\L2,L„ 

uniformly with respect to h G (0, 1] and 1 < R < h^'^^"^, where implicit constants depend on T . 

Proof of Theorem \1.3[ Recall that Proposition 12.21 together with Minkowski's inequality, shows 

k=0,l h 

with G S(l,/i4/™dx2 + d^7(^)2) satisfying supp^-^J C {(x) < /j-^/™, [^| ~ 1} and supp^^ C 

{{X) ^ < 1}. 

We first study (x, /iZ))e-**^. The expansion formula ()2.2p shows 

suppSym([P,*^(x,/iZ))]) C supp^-^, Sym{[P,^^{x,hD)]) G 5(/i-i+2/'", 5). 
Therefore, using Lemma |2. II we have 

\\[PMix,hD)]e-^'Pno\\L.^r^<h-y'+y^\\^^^^^ (4.5) 

where G 5'(l,c/) is of the form $5'(x,^) = 0'(/i2/™x)V^i(x, ^//i) with ^G C^(M'^) supported in 
{[x| 1} and with tpi G ^(l,^;!) supported in {[^|^ < (2^)™}- In particular, = 1 on supp^'^^. 
Applying Proposition 14.21 to '^\{x,hD)e~^*^ with R ^ /i^^/™ and using ()4.5p . we then obtain 

||^?(x,/iZ?)e-*^no||^Pi, 

< /i[|no|[i2 + \\^'l{x,hD)uo\\L2 

+ /i-i/2+V™||^^(x,/iZ))e-^*-PnoI|^2i2 +/i^/2"^/™||P,^'?(x,/iZ))]e-^*^no||i2^^ 

< /iI|no|li2 + \\^^{x,hD)uo\\L2 + h-^/'+'/"'\\^ix,hD)e-''''uo\\L2^L^ 

< h\\uo\\L2 + \\e{h^/^x)Mx,D)uo\\L2 + ||^(/i^/™x)(x)™/^-i/2^i(x,Z))e-^*^no||i2^2, 



where, in the last line, we have used the fact that h ~ (x)™^^ ^^"^ on supp Combining 

this estimate with the following the norm equivalence: 

h h 

(which follows from the almost orthogonality of 6(h?/'^x) and 0(/i^/™x)), we have 



Y,\\^\{x,hD)e-^'Pu,\\' < \\uo\\l2 + ||(x)™/^-^/Vi(x,I))e-*^no|L2^2. 
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On the other hand, since € ^((l + + \x\'^Y/'^ ,g), we see that (a;)™^^~"'^^^'0i6-i/2+i/m ^ 
S{l,g) and hence {x)'^^'^~'^^'^il)i{x,D)E~J'^_-^i^ is bounded on L^. Applying Lemma [2.71 and 
using the unitarity of e~**^ we conclude 



^ 1 1-^1/2- l/m^^O 11^2- 



(4.6) 



Next we study ^o(x, /iD)e **^uo. Consider a dyadic partition of unity on 7ri;(supp ^g): 



^ ^(2Jx) = l, X G 7r^.(supp^'(j) 

o<i<ih 



where jh ^ (2/?ti) log(l//i) and v'-i)'/' ^ C^(M'^) with supp(/?_i C < 1} and supp99 C 
{1/2 < |x| < 2}. We set ^j{x) = (p{2~^x) for j > 0. Since p, g > 2, it follows from Minkowski's 
inequality that 



-i<j<jh 



We here choose cut-off functions <^-i,^ € Cq°(M'^) and G •5(1, ^f) supported in a small 
neighborhood of supp(/?_i, supp(/? and supp^'g, respectively, so that ip-i = 1 on supp(/?_i, 
^ = 1 on supp(/? and ^'q = 1 on supp^fg. Set ^j(x) = ip{2~^x) for j > 0. 



suppv^j^-Jj C {|x| ^ 2\ 1^1 ^ 1}, ifj^l^ = 1 on supp^j^^. 
Since the symbolic calculus shows 

suppSym{[P,ip,{x)^'i{x,hD)]) C snpp{ipj^^), Sym{[P,ipj{x)^^{x,hD)]) G S{2-^h-\g), 

applying Proposition 14. 21 with R = 2^ , we learn by a similar argument as above that 



< h\\uo\\L2 + ||(^j(x)M'(}(x,/iD)^xo|I^2 + {h2^)-^/^\\^jix)^ix,hD)e-''''uo\\L2^L2 

< h\\no\\L2 + \\^j{x)^'^{x,hD)uo\\L2 + \\^j{x){x)-'/^{D)'/^^{x,hD)e-^'Pno\\L2^L^. 
The almost orthogonality of ipj and ipj then yields 



J2 \\Mx)^'o{x,hD)e-''''no\\lr^^ 
-i<j<jh 

< {h\og{l/h)f llnolli^ + \\^^oi^,hD)uo\\l. + \\{x)-'/\D)'/'^{x,hD)e-^'^uo\y^L^. 
We here claim that, for any > 0, 

\\{xr'^\D)'/'^{x,hD)e-'"'uo\y^L^ 

Indeed, this estimate can be proved by using following two bounds: 

[{x)-'/'~"'''/'Ey,^,,^ix,hD)] = OL^^L^h^'-n- 
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Note that these bounds fohow from the following computations 

{x)-'^'{Cf' < {x)-^'^-^^'^ei/2+.{x^i) for any u > 0, 
{ei/2+.,^S(-,/i-)} = 0{{xr'he„2+u) = Oi{x)-'h'/'-n. 

We now choose a cut-off 9 € C^(M'^) supported away from the origin such that = 1 on 
7r^(supp^g). Lemma [2TT] then yields 

\\^'^{x,hD){l -e{hD))\\^,^^, + \\^{x,hD){l -e{hDm^2^^, < 2<q<cx>, h e {0,1], 

and we thus may replace ^'i^{x,hD) and '^^{x,hD) by <l!^{x,hD)6{hD) and ^^{x,hD)e{hD), 
respectively. Then, by the almost orthogonality of 9{h^), we obtain for < < 1/2, 

Y,h^~^"\\^A + \K{x,hD)d{hD)u^\\\^ < \\u^\\l,, 

h 



Y,\K{x,hD)e{hD){xr'/^'^^'^Ey^^,e-^'Puo\\'^^ 




h 

We now apply Proposition 12.81 with s = 1/2 — 1/m + v and conclude 

^||^g(a;,^I?)e-^*^no||'pi, <CT,.||^i/2-i/m+.no||^2, T > 0, < < 1/2. (4.7) 
h 

Summering the estimates ()4.6p and ()4.7p and using < {^Y + (x)™*''^, we conclude 

for any admissible pair (p, q) with q < oo. Finally, if d > 3, then Theorem 11.31 can be verified 
by interpolation the L^L'^'^/'^'^"^) -estimate with the trivial L^L^-estimate. For d = 2, let us 
fix e > and an admissible pair {p,q) arbitrarily and choose an admissible pair {po,Qo) with 
2 < pq < p and > so that 

\2 m J p \2 m J p 
Interpolating the L^^L'^'^ -estimate with the L^L^-estimate, we have 

Finally, we refer to e.g., [32j for the interpolation in weighted spaces. □ 

Next we prove Theorem II. 4[ Hence, in what follows (in this section), we suppose that 
H = ^{D — A{x))'^ + V{x) satisfies Assumption 1X1 In this case, we first obtain a slightly long- 
time dispersive estimate which is better than Theorem 14.11 (2). 

Theorem 4.3. Let I d (0, oo) be an interval and 5 > small enough. Then, for any h G (0, 1] 
and symbol ^ S{l,g) supported in T'^{L), 

\\x''{x,hD)e~''^xHx,hDy\\L^^L^ < Cs\t\~'^/\ < \t\ < 5h^~^''^ . 

As in the previous argument, we then have the following: 
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Proposition 4.4. Under conditions in Theorem \4-3[ we have 

\\x^{x,hD)e-'^"uo\\LP.L^ < h\\uo\\L2 + \\x^{x,hD)uo\\^2 

+ h'/^''/^"'\\[H,x''{x,hD)]e-''''uo\\r2 
uniformly in h. 

Proof of Theorem \1.4\ The proof is analogous to that of Theorem 11.31 The only difference 
compared to the variable coefficient case is the following fact: 

Sym{[H, ^o]) = h'' Sym{[H\ ^q"]) ^ S{h-'+^/"' , g). (4.8) 

(Recall that, in general case, we only have Sym([P, ^'q]) G S {h^^ {x)~^ , g) .) Indeed, since ^'g € 
5(l,/i4/'^dx2 + d^2) and (x)""/^ < /i-i on supp^-^J, we have 

{(^ - HAf, = 2{i - hA) . a.^S - 2h^d^A{i - A) • a^vj/jj 

We similarly obtain = 0(/i2/™(x)^^) and = 0{h'^''^). Therefore 

Sym([//\ M/o"]) = ^{(C - hAf/2 + hp\ + h^V, ^^,} + Oik') = 0{h^+^'n in 5(1, 5). 

Applying Proposition 14.41 to ^'q(x, /iD)e~**^tio and using ()4.8p . we learn by the same argument 
as in the variable coefficient case that 



||^S(x,/iZ))e-*^no||^^^^ 

< \\^'^{x,hD)uQ\\^2+h\\uo\\^.2 + \\^{x,hD)Ey2-i/me-''"uo\\^2^^^. 
By the almost orthogonality of the ^-support of ^^{x^h^) and Lemma 12.71 ^6 then conclude 
^||^'[f(x,/iZ))e-**^uo||^2^^ < llnolliz + l|^i/2-i/me"^*-^no||^2^2 < l|^i/2-i/m^io||^2- 

which, together with the estimates ()4.6p and Lemma 12.21 implies 

116^**^^0 1 1 M < CTll-E'l/2-l/m^^oll r2- 

Finally, the assertion follows from an interpolation with the L^L^-estimate. □ 

A The case with growing potentials 

We here prove Corollary 11.51 with a simpler proof than that of Theorem 11.41 Throughout this 
appendix we assume that H = \{D - A{x)f + V{x) satisfies Assumption [X] and ([TS]). The 
main point is the following square function estimates: 

Proposition A.l. Consider a 4-adic partition of unity on [0,00); 

foJeC^{R), supp/C [1/4,4], 0</o,/<l, fo{X) + Y,f{h^X) = l, A > 0. 
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Then, for any 1 < q < oo, we have the square function estimates: 

1/2 



MH)v\^ + Y,f{h^H) 



In particular, if 2 < q < oo then 



\L.<[\\fo{H)v\\l + Y.\\f{h'H) 



Li 



1/2 



(A.l) 



(A.2) 



Here, implicit constants are independent of v. 

Proof. Since ^ > and V € Lj^^, the heat kernel of the Schrodinger semigroup e~*^ satisfies 
the upper Gaussian bound (cf. Simon [29]): 



|a^e-*^(x,y)l < Cdt-^^+^^/^e-'^^-y^"/', 



t>0, j = 0, 1. 



Then, a general theorem by Zheng implies the square function estimates (jA.ip . ()A.2p is an 
immediate consequence of (jA.ip and Minkowski's inequality since q > 2. □ 

Furthermore, thanks to the positivity of V, one can obtain an approximation theorem of the 
spectral multiplier f{h'^H) in terms of /i-^'DO: 

Proposition A.2. (1) Let f € C^(M) with supp/ d (0,oo). Then, for any N >0, there exists 
a bounded family {x^}/ig(0,i] S{l,g) with suppx'^ C supp(/ o p^) such that 

\\fih'H)-x\x,hD)\\^,^^, < CgNh''-''^'/^''/'^\ 2<q<oo, 

uniformly in h & (0, 1]. In particular, f{h'^II) is bounded from I? to L'^ with the bounds: 

\\f{h^H)\\^,^^, < C,/i-"(V2-i/.)^ 2 < g < oo, /i G (0, 1]. 

(2) Let fo € C^(M). Then, \\fo{H)\\^2^w''-i ^ <^qs for any 2 < q < oo and s > 0. 

Proof. The proof is essentially same as in the case when A = V = (see, e.g., [2]). Thus we 
only outline the proof. The important point is the following ellipticity: 



(A.3) 



where the implicit constants are independent of /i G (0,1], which can be verified as follows: if 
> C/i2(x)" for sufficiently large C > then / > |eP - /i^l^l^ + h^V > I^P + /^^(x)™; 
otherwise, by Assumption lAl (1), p^ > h^V > + /i^(x)™' since |^|^ < /i^(x)'". The upper 
bound is obvious. Using this bound and (jl.lOp . we see that 



<c„^(x)-""i(e)-'^||imz|-i-i<^+^i, 



uniformly in x,^ € M"^ and h G (0, 1], and locally uniformly in z G C \ M. Then we can follow 
the standard argument (see, e.g., [MISIE]) to construct the semiclassical approximation of the 
resolvent {h^H — z)~^ which has the following form: 

{h^H-z)~^= Vq^{z,x,hD) + h^r%{z,x,hD){h^H - z)-^, (A.4) 

o<i<A^-i 
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where qj G S{{x) -'(^ ■',g) are of the forms 

with q^^ G S{{x)~^ {p^{x,^))^^^^\g) with some integer Nj{k). Moreover, the remainder 
belongs to S{{x)^'^ {^)~^ , g) with the bounds 

uniformly in x, ^ S M*^ and h G (0, 1], and locally uniformly in z € C \ M. In particular, if > d 
then r^(z, x, hD) is bounded from L? to with the bounds 

</i-'^(i/2-i/'?)|Imz|-"(^'^), ge[2,oo], /iG(0,1], z G C \ M, (A.5) 

where n{N, q) is a positive number depending on N and q. 

We now plug the approximation ()A.4p into the well-known Helffer-Sjostrand formula |15] : 



where dzAdz = —2idudv with z = n + if and / is an almost analytic extension of /. Note that, 
since / E C^(M), / is also compactly supported and, for any M > 0, 

\d-J{z)\<CM\lmz\^ (A.6) 

with some Cm > 0. Let us set the symbol defined by 

N-l j 

{j+k)\ 



X''=T.^'4 ^ith 4 = /op^ x," = j;^^7T79j^-/^+'^op', J = l,2,...,iV-l. 



j=0 k=0 



Then, {x^}heio,i] bounded in S{l,g) and suppx'^ C supp/ o p^. Moreover, taking N > d we 
learn by (|A.5p and ()A.6p that the remainder 

:= fih'^H) - x\x, hD) = -— / j^{z)r%{z, x, D){h^H - z)-'dz A dz 

satisfies 

J supp / 

provided that M > n(N, q) + 1, which complete the proof for the high energy part. 

The low energy part is also verified by the same argument as above with h = 1. □ 

Remark A. 3. Assume (for simplicity) that ^ = 0. It is easy to see that [x, H] is bounded in 
X. Since H is elliptic, we then learn by a standard commutator argument (see, e.g., [21 Section 
2]) that there exists > such that {H — z)~^ is bounded on for any g S [1, oo] with norm 
dominated by a power of {z)\ Imz|~^. Therefore, using the same argument as that in [21 Section 
2] one can prove in this case that fih^H) is bounded from L'^' to L'^ for any 1 < g' < g < oo 
with the norm of order However, since the — )• L'^ boundedness is sufficient to 

study local-in-time Strichartz estimates, we do not write here the precise statement. 
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Proof of Corollary \1.5[ Let / be as in Lemma lA.ll and choose F G C^(IR) so that i*" = 1 on 
supp/ and suppF d (0, oo). We learn by Proposition IA.2I (1), Theorem 14.31 and the TT*- 
argument that 

||F(/i2i/)e-*^no||^P^, < CT/i(^-'/™)/^||no||^2 

for any admissible pair {p,q). Since f{h^H) = f{h?H)F{h'^H) by the spectral decomposition 
theorem, the estimate (|A.2p . Proposition IA.2I (2) and the above estimates imply that 

h 

h 

<CT\\{Hf'^-"^^'Puo\\L. 
provided that (p, q) is admissible and q < co. □ 
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